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Abstract

The Schrodinger equation is one of the equations in the quantum mechanical system that
studies atoms, atomic nuclei, and matter in solids. The resulting Schrodinger equation can be a
complex analytical solution, such as in solving problems on the wave function of helium ions. The
purpose of this research is to study the wave function of helium ions in momentum space n < 4.
The results obtained from the wave function of helium ions in momentum space at n <4 using the
Schrodinger Equation in spherical coordinates produce a complex wave function in the form of
radial equations by transforming the wave function in position space using the Fourier Transform.
The form of the radial wave function equation of Helium lon is : Fy =
221+;.33]+§ n(n-1-1)! % p01+g 1+1 nZp2-9p,?
1 nzl!( (n+D)! ) n'p! <[n2p2+9p02]1+2> Co-iea (n2p2+9p02)'
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Introduction

Physics is one of the natural sciences related to how to find out about natural
phenomena that can be observed and measured systematically. According to Wea
(2021), the emergence of quantum physics theory begins with several experiments,
one of which is related to the dualism of particles and waves that cannot be explained
using classical theory. In other words, particles and waves in this case cannot be
distinguished when they can behave as particles or waves, so of course these two
things have a very basic relationship. Quantum theory was first described by Max
Planck in his scientific work in 1900. Quantum physics deals with various atomic or
subatomic scale problems that study the properties of particles (Supriadi, 2022). Of
course, the existence of quantum theory can expand the range of investigation in the
world of physics. The difference between classical physics and quantum physics is
that the study of classical physics is related to physical phenomena in the
macroscopic world, while the study of quantum physics studies related to physical
phenomena in the microscopic world. Where in quantum physics a patrticle is said to
be elementary if the particle is not composed of other particles or not obtained from
several other particles (Nurlina, 2017).

One of the most studied developments today is hydrogenic atoms. Hydrogen
atoms are among the simplest and lightest atoms because they only contain a proton
and an electron in their orbitals. Helium is one of the noble gas atoms that has 2
electrons in its orbitals, 2 protons, and 2 neutrons. If one of the electrons in the helium
atom is ionized, it will become a helium ion which is characterized as a hydrogenic
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atom. This is as stated by Gautreau and Savin (2006) that hydrogenic atoms are
single-electron atoms in their outermost orbitals. Thus, helium ions (%He+) behave

the same as hydrogen, the difference is that the nucleus is positively charged 2e,

where Z = 2 is the atomic number. The helium ion (3He*) is one of the eight
isotopes of the helium atom. Experimentally, helium-4 contains a total energy of -
28300.7KeV (Lutfin & A, 2020).

In everyday life, helium ions have various uses including being used as a
balloon filler, as a refrigerant, and as atrtificial air to support seabed diving (Makmun
et al., 2020). In liquid form, helium is used as a chronic coolant and is commercially
produced to be used as a semiconductor magnet, namely in Magnetic Resonance
Imaging (MRI), Nuclear Magnet Resonance (NMR) (Rillo et al., 2015). Alimah (2016)
also stated that helium can be applied as a coolant because it is characterized as an
inert gas or ideal gas and is useful for heat transfer purposes. Helium ions can be
found in the sun. This ion comes from the result of the rapid movement of helium
atoms in the sun's high-temperature atmosphere. Helium atoms collide with other
atoms to release electrons and form helium ions (3He*). The release of electrons
results in helium ions having a single electron and hydrogenic properties. Therefore,
the wave function of the helium ion can be determined using the Schrodinger
equation for single-electron hydrogen (Damayanti et al., 2019).

One method that can produce wave functions owned by helium ions (3He*) is
to use a solution to the Schrodinger equation (Hanafi et al., 2015). Schrodinger
equation is a second-order partial differential equation that is used to provide
information about the wave behavior of particles. A differential equation will produce
a solution that is by quantum physics, although hindered by the absence of
experimental results that can be applied as a comparison material (Krane, 1992).

According to Hermanto (2016), solving the Schrodinger equation on atoms that
have a single electron can be separated into equations depending on the radius (r)
and depending on the angle with the variable separation method. In addition, Fuadah
(2018) also stated that the deuterium atomic wave function contains radial and
angular wave functions.

In quantum mechanics, the wave function can be written in equation (1) below.

Vi) = Ae_iw(t_g) 1)
If o = ~and E = pv, then we get
V) = 4e”G)Eep (2)

(Supriadi, 2022: 60).
The solution in the form of a solution to the wave function equation using the
Schrodinger approach does not depend on time as in helium ions in spherical

coordinates obtained in the following equation (3).

h> 1.9 , 5, @ 1 0 ,. .0 1 9 _

amrz oy T 3 5550 50 39) + 75 52l¥ ey + (E = V)Yiep) =0 3)
The solution of the above equation can use variable separation by introducing

the function written as follows:

Yo, = RY (6, @) (4)
_ o\t o, 2r
Where R(r) = e nao (n_ao) 12
(5)
m+|m| _ T
Y(6,9)= (-1) 2 \/%%elmd’ﬂm(cos@) (6)
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The above wave function is a wave function in position space that applies to all
hydrogenic atoms. Then the above wave function can also be expressed in
momentum space using the Fourier transform. The formulation for the Fourier
transformation is stated as follows:

Y& = = o®) e dp (7)
P = = [ W@e h dx (8)

Equations (7) and (8) above are equations for the Fourier transform that applies
to one-dimensional motion, while for motion in three dimensions using spherical
coordinates, equations will be obtained:

Pnim =
Q) (= g 2 o~ (s - 20) |1 ,+i 2041 ((I=mI)
h (2) fo fon fon e ( h )(Sm Bcos(P—@)+cos Q)J;eilmtbplmcosg _+( m )

2 (I+|m|D)
et ly(n—1-1)!
(n+D! (n+ D!

There are two types of wave functions owned by helium ions (4He*) including
angular momentum functions (Y (0,®)) (Sakimoto, 2010) and radial momentum
functions (F,,;(p)) (Mehmood et al., 2021). So that it is obtained:

1 timp 2141 (DY pm ] gy (meDiNi & [
QO(PJH,‘P)-{(Z”)%Q 2 ((l+|ml!))P [ cosf (L)E(,JEZ “( D) ) (<2+1)I+ZC"—Z-1(<2+1)

9)
(Podolsky et al., 1929).

e~ ONrYL2H (2yr) |r2sind drdd¢

So that the radial equation can be known:

1
__ T oopgay (n=l-DNz +1 (§3-1
Fn1(p) —mz 1 (o5 e et (5)
= 2
nagp

(10) (Bethe, 1975: 39).

Methods (15%)

This research is research using the literature study method in physics theory,
namely by developing pre-existing theories in physics theory related to hydrogenic
atoms (having a single electron). There are several stages that need to be done in
this research, namely the preparation stage, the theory development stage, the
validation stage of the results, and the data collection stage.

The initial stage carried out in this research is the preparation stage by
collecting from various literature, such as quantum physics books, core physics,
modern physics, mathematical physics, and several journals related to helium ions
and single-electron Schrodinger equations that are relevant to the research topics
discussed.

Furthermore, the second stage is the stage of theory development from
previously existing theories, both from literature and books related to the wave
function in the developed position space so as to form a novelty. To express the
wave function in position space on hydrogenic atoms, it can be expressed in the form
of spherical coordinates as follows.
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wnlm(r 9 ¢))

ent*t lym-1-1) _ ITy2041 21+1 (l—|m|)' ot
(n+1)! \f D! € OOt ]yl T((z+|m|)r Hmepi cos 6(1)

The above equation is a form of function in position space that can be
symbolized by (x, y, z/ n, I, m). To transform the function in position space to the
function in momentum space, it can use the Fourier transform.

Y@ = 5= o®) e dp @
o(p) = \/Z;ﬁf(p(x) e%dx (3)

In reality, spherical coordinates are often used to describe the case of atoms
and hydrogenic ions in three-dimensional space. In general, (X,y,z) is used to express
the position space while (p,p,,p;)is used to query the momentum space. In
spherical coordinates, it is known that the volume element is eV = r2sin8drdfd¢. If
it is generalized, it can be written as follows.

x = rsinfcos¢ p, = psinBcosP 4)
y = rsinfsing p, = psinbsing (5)
Z = rcosp p, = pcoso (6)

With p is the size of the total momentum vector, while 8 and ¢ is the orientation of
the momentum vector relative to the cartesian coordinate axis. The result of the
transformation of the position wave function to the transformation of the function is
as follows.

(o) [o 0] (o] —_ ﬂ
(Px,Py, B, /n,l,m) = h_(%) e () Gepxtypy+20,) (x,v,2,/n,1, m)dxdydz(8)

Then, if the function (Px, P, P,/n, 1, m) is expressed in the function (p,8,®) and
denoted by:

gon,l,m (p’ 9) (D) = h_(z) j j J e_(T)(Slng sinf cos (P=@)+cos6 cos6) 2— eilm¢P[Tlcose
T

21+1 ((U=Im|D)) @YHT [y(n-1-1)! ,

2 (§l+:m:!§) ((21)1 \fﬂ(nm!) e” P LEE yr)lr?sing drdode(9)
an?pe?z
nh?
atomic wave function in momentum space which can be written as follows.

o(,0,P) =
1 o Hime 21+1 ((I-|m|!) m(1)? 2044 (R(=1=D!\2 Zt z+1 72-1
iy mimo [ () g ||ty (2tote € i (S
(2m) ( )(h)z
Tl.ao
10)

Based on the above equation, it can be seen that there are two wave functions,
namely the angular wave function and the radial wave function, where for the
hydrogen atom the angular wave function that applies is:

Y, 0 ®) = +lm¢ 2l+1 ((I—-|m|) Pm 9
im (6, ®) {(W 252 (L) i

And the radial wave function equation:
1

T(n—1-1"N2 n'p! n?p? -1
F —(Z 29204200 —— = Cl+1 R —
(Bethe, 1975:39).

Where y = = % then from equation (9) will be obtained the hydrogenic
0
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The above function is a radial wave function that applies to Hydrogen atoms
where the above function is a form of function that has been expressed in atomic
units for momentum or has been divided by pO (Bransden, 1983).

According to Podolsky and Pauling (1929) if known value ¢ = <% 2”” "p "~ where po is

the momentum of the electron in the Bohr orbit whose value is p mez Based on
h
this value, the radial momentum equation that has been expressed in atomic units

for momentum will apply to any hydrogenic momentum. The wave function can be
written as:

n 2
Fo= 224y (n(n—l—l)!)% o) cl+ <(n_;0) "1) (11)
nl = ER ™ n +21 “n—1-1\ ‘np 2
T R o i I
Based on the above equation, if the known atomic number for Helium lon (z2) is 2,
then the radial momentum wave for Helium lon can be expressed as follows.

5

22“23 + n2q (P! 3 L1 Py 2 1+1  (n*p? 9p0

Fu = S G R (e e bemrnsd G0
77:2 [n2p2+9p0 ] n +9p

Furthermore, the third stage that can be done is a validation of the results
obtained from the development of existing theories, then readjusted with literature
books or previous studies. In the fourth stage, the data retrieval stage is carried out
by determining the wave function of the Helium lon with quantum number n < 4, then
numerical data retrieval can be carried out to obtain the graphical form of the radial
function. After data collection is carried out, then discuss related to a more detailed
discussion of the calculation of the wave function problem solving on helium ions in
momentum space with quantum numbers n <4 through data analysis using methods,
techniques, and theoretical foundations as a basis for obtaining research conclusions
carried out to answer the formulation of existing problems.

Results And Discussion

Solving problems related to hydrogenic atoms can be solved through the
Schrodinger equation. With this Schrodinger equation can be used to determine the
characteristics of atoms using different quantum numbers, it can produce different
wave functions. Where the wave function of the Helium lon (3He™) in momentum
space is the solution of the Helium lon (3He™) equation obtained using the
Schrodinger equation through the variable separation method in the form of a
complex quantity function consisting of radial equations that only depend on the
radius and angular equations that only depend on the angle. In other words, the
acquisition of the Helium lon wave function (3He*) at quantum number n < 4 in
momentum space using the time-independent Schrodinger equation is obtained from
the Fourier transform of the wave function that is hydrogenic (has a single electron)
in position space. Based on literature studies, as for the acquisition of data on the
calculation of the value of the reduced mass for the Helium lon (3He™) by using the

equation yu = :Z*’e—i:ie and obtained the result of 9.108142883 x 10-31 kg. As for
He €

the calculation of the Bohr atomic radius of Helium lon (3He*) obtained by using the
previous reduced mass of 9.108142883 x 10-31 kg through the equation r =

mhanee M ohtained a result of 0.528689400016386 A. Then from the resuilts

Zm e? Zua
of the development of hydrogenic atomic theory in the form of Helium lon (3He*) in
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momentum space can use the Fourier transformation so that the results of the wave
function simulation of Helium lon (3He™) are obtained.
The electron wave function in helium ions can be determined through equation
(12) by entering a combination of the main quantum number and orbital (n,l) values.
5

7
211 2 p

25 pl p
Vo 70 (ap2ap3)”

Forn:1andI:0,Weget:\/—1_Tm. Forn=2and|l=1we get:
1134
. Forn=4and | =3, we get:

—_ = : 2 E—
Forn=3and|=2, we get: —= p”.p; [9p2+4p}]

3 PO%
V351 p (16p2+4P02)5’

presented in Table (1) below.

Table 1. Radial Wave Function of Helium lon (5He™) at n <4 in Momentum Space

223

The complete wave function of helium ions can be

n L Fu(p)
oo .
2 _ Py
Vr [p? + 4p§]?
2 0 20 5 4p°—4pi
0 3
V2m " (4p? + 4pj)
1 211 p% p
0 3
vem "~ (4p? + 4p})
3 0 864 pgs(m — 120p3p? + 16p¢)
0 2
v3m (9p2 — 4p3)
1 27648 I 9p? — 4p}
P P}
VI °[9p? + 4pg]*
2 213+ 2 1
Vizon © Polop? + 4pi®
4 0 5
216 po2 (64p? + 108p?*po? — po?)
N (16p? + 4Po?)>
7
! 214p Poz (160p* — 112p?Po? + 10P0?)
V2401 (4p% + Po?)3
2

221 3p? Pog (16p? — 4Po?)
V720 (16 p2 + 4Po?%)5
3 223 Po%

35z U (16p? + 4P0?)5

Conclusion

Based on the theoretical study that has been done, it can be concluded that the wave
function of the Helium lon {({_2"4}He}"+) in momentum space n < 4 using the
Schrodinger equation in spherical coordinates which produces a complex wave
function in the form of a radial equation obtained by transforming the wave function
in position space can use the Fourier transform. The normalized radial wave function
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of the hydrogen atom at the main quantum number < 4 produces 10 radial wave
functions using the formula :

5
1 1+2
236502 ((n-l-1)12\ P, ? 1+1  (n*p*-4p}
Far = : (n+D)! npx 22 4 421 2 Cr=i-1 n2p2+4p3 )’
n2 ; [n P +4p0] 14 Po
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