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Abstract 

Brownian motion is the random motion of nanoparticles in a fluid. If this motion is 
balanced, and then disturbed, it will take a very long time to return to equilibrium. Required a 
method in the form of additional energy to accelerate the process of evolution of these particles 
to reach the equilibrium point. To find this additional energy, we use a method of accelerating 
adiabatic quantum dynamics, known as Shortcuts to Adiabaticity (STA). This method will be 
applied using the Fokker-Planck equation and tested on overdamped Brownian motion. The 
research was conducted by reviewing various literatures that are in line with this research. By 
using this method, an additional term will be obtained in the form of an additional potential that 
depends on the friction constant and depends on time and is influenced by the initial potential. 
For the spring potential whose constant is replaced with lamda, we get additional additional 

potential results 𝑈1 =  
𝛾 𝜆 ̇  

4𝜆(𝑡)
 𝑥2 and for shear potential with time dependent lamda, we get an 

additional potential of 𝑢1 = −𝜆̇𝛾𝑥  
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Introduction  

Nowadays people always want every thing is done quickly so that the 
available time can be used more efficiently and effectively (Benggadinda & 
Setiawan, 2021). Likewise with the world of production (Masuda & Nakamura, 
2010) (Setiawan, 2019) (Del Campo & Kim, 2019). They also want the shortest 
possible time (Vinjanampathy & Anders, 2016) (Takahashi, 2014). However, this 
shorter time should not change the form or content of the material in a system 
(Setiawan et al., 2017). A system in ordinary physics is viewed from two 
perspectives. First, a macroscopic view that can be seen from the nature of the 
system on a large scale using the senses, for example thermodynamics (Viridi & 
Khotimah, 2010). Second, a microscopic view consisting of some probabilities 
formed and influenced by matter with the same properties (Novita et al., nd). 
Examples are electrons, protons, neutrons, and atoms (Aini, 2020). The Brownian 
particles that we are going to consider also belong to systems with a microscopic 
view. 

To accelerate a microscopic system, the properties and characteristics of the 
system need to be maintained (adiabatic state). In thermodynamic systems, 
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adiabatic is a process that does not require an exchange of heat/energy (H Kara, 
2014). The adiabatic theorem in quantum systems is used for tracking the basic 
energy (ground state) (Santos & Sarandy, 2018) (Panati et al., 2002). For example, 
look for the time-dependent Hamiltonian, H(t) (Jing et al., 2016). Initially in the 
ground state, the controlled Hi then evolves adiabatically towards Hf or late 
Hamiltonian (Puebla et al., 2020)(Albash & Lidar, 2018). The transfer process 
while maintaining the properties and characteristics of the system can be carried 
out, but it takes a long time. This condition makes the evolution/displacement 
process not optimal, and there is even noise (disruption to the system). To 
overcome this situation, certain methods are needed. The methods currently being 
developed are fast forward and shortcuts to adiabaticity (STA)(Guéry-Odelin et al., 
2019). 

The fast forward was developed by Nakamura and Masuda on a relativistic 
system (Benggadinda & Setiawan, 2021) (Torrontegui et al., 2012) (Masuda & 
Nakamura, 2010) (Masuda & Nakamura, 2011) and has been applied to a Carnot 
engine combined with an oscillator time dependent harmonics (Nakamura et al., 
2020). Meanwhile, the shortcuts to adiabaticity (STA) method was developed by 
scientists Gonzale Muga, Xi Chen, and Del Campo. STA is used to accelerate 
adiabatic quantum dynamics through quantum phase transitions (Del Campo, 
2013)(Saberi et al., 2014)(Hatomura, 2017). STA is applied by providing a 
temporary Hamiltonian (Couvert et al., 2008)(Masuda & Nakamura, 2010). STA is 
a time dependent protocol in the presence of control parameters to produce the 
same end result in a short time (Chen et al., 2010) (Saberi et al., 2014) 
(Torrontegui et al., 2013)(Torrontegui et al., 2017). The STA method can also be 
applied to reverse engineer a quantum measurement process enhancement that 
depends on control flexibility (Cárdenas-López & Chen, 2022)(Chen et al., 2010). 

In this study, the STA method was applied to particles that move randomly 
(Brown motion). These particles are considered in an isothermal state. If this 
particle is given an external potential, it will take a long time to return to equilibrium 
(Li et al., 2017). The purpose of this study was to obtain a method in the form of 
additional energy so that the time to return to a state of equilibrium would be 
shorter (Patra & Jarzynski, 2017). The equation that will be used today is the 
Fokker-Planck equation, which is a partial differential equation that describes the 
distribution function of particles in a system containing many colliding 
nanoparticles (Malik & Malang, 2006). 

 

Methods  
The current research is a quantitative theory of physics development 

research. The method used in this research is a literature study. The literature 
study was carried out related to the Shortcuts to Adiabaticity (STA) method as a 
determinant of control parameters, Brownian motion, and large damping or 
Overdamped forms and the development of the Fokker-Planck Equation to 
calculate additional potential so that Brownian particles can return to their 
equilibrium state quickly. This research was conducted from May 2022 to July 
2022 at Bengkulu University. 

This study is based on previous experimental studies related to the ESE 
protocol on Brownian motion. Initially the particles are in equilibrium, then the 
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temperature is increased so that the particles move randomly again. If this is 
allowed, then the particles will take a very long time to return to equilibrium. That's 
why scientists developed the ESE protocol and it has been proven to be able to 
make equilibrium particles 100 times faster than before. In the experiments that 
have been carried out, namely changing the volume of gas by using a piston which 
takes a very long time to re-equilibrate. Thus, a temperature-related control 
protocol known as ESE was developed. In order to really shorten the time, the 
energy in the system is also analyzed in depth. The steps taken are increasing 
confinement to increase positive work. This is in stark contrast to the adiabatic 
transformation where the calorific value increases monotonically, because the 
system dissipates heat throughout the protocol. (Martínez et al., 2016). 

The next experiment was carried out using silica microspheres with a radius 
of 1µm which was diluted with water and then transferred to a three-dimensional 
space. Then, an infrared laser beam with a maximum power of 500 mW is 
extended and injected through an oil-immersed object (Leica, 63×NA 1.40). The 
laser power is trapped and modulated by an external voltage. This is able to make 
the Brownian particles reach equilibrium more quickly. The acceleration that 
occurs also depends on the friction provided by the fluid in question (Martínez et 
al., 2016). Based on this, this study tries to find additional potential terms using the 
shortcuts to adiabaticity (STA) method with an initial potential that is different from 
previous studies. The results obtained are also in line with previous research, 
which is able to accelerate Brownian motion to reach equilibrium. 

In order to avoid different interpretations in this journal, an operational 
definition of each variable is needed. The variables to be studied include, 

a. Method Shortcuts to Adiabaticity (STA) 
STA was initially used to achieve final results in a short time in adiabatic 

conditions. However, it has now been extended to search for adiabatic shortcuts 
(Plata et al., 2021) (Guéry-Odelin et al., 2019) and developed in quantum 
dynamics. The STA method aims to develop a protocol so that the particles 
quickly return equilibrium with a record of events occurring in adiabatic 
conditions (Chen et al., 2010) (Papoular & Stringari, 2015) and isolated systems 
(Schaff et al., 2011). To speed up theequilibration and increase power, a 
method known as Engineered Swift Equilibration (ESE) (Martínez et al., 2016). 

b. Brownian 
motion Brownian motion is the random motion of microscopic particles 

dissolved in a fluid. Based on Robert Brown's research, two results about 
Brownian motion were obtained, namely the irregularity of the trajectory of the 
particles in the fluid and the absence of the effect of the interaction of two 
different particles (Romadani & Rosyid, 2022). Then Gouy added a few things. 
That is, the faster the motion the smaller the particles, the motion is affected by 
the density and composition of the particles, the fluid with a small viscosity 
accelerates the Brownian motion, high temperatures accelerate the motion, and 
the particle motion never stops (Najmudin, 2018). Brownian motion can be 
observed in nanoparticles that are in a certain fluid which is inhibited by fluid 
viscosity and stochastic forces. This is caused by the collision of molecules that 
move randomly in the fluid (Pal & Deffner, 2020). 
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c. Stochastic Dynamics Stochastic 
processes are included in the physical sciences related to dynamics. 

Because, physics can be expressed as an effort to realize mathematical 
concepts into contextual or scientific concepts that contain numbers (Physics 
Education, 2019). The stochastic dynamics system uses a lot of modeling data 
along with a system for future masses (Apriliani, 2004). Stochastic dynamics 
systems or also known as stochastic differentials can be applied to systems that 
move randomly, especially non-relativistic systems (Jannah, 2016). 

d. Overdamped 

Perfect damping/overdamped is a condition where the particle has stopped 
moving before reaching its equilibrium point. This can happen due to excessive 
damping in the system. This damping can be in the form of air friction, other 
friction that opposes the direction of motion of objects, or comes from an known 
as overdamping. This happens because the system continues to add damping 
until it passes its critical point (Rusianto & Susastriawan, 2021) 

e. Fokker-Planck equation 
As the name implies, the Fokker-Planck equation was first introduced by 

Fokker and Planck. This equation is usually applied to particle balance systems 
(Frank, 2005). The Fokker-Planck equation is defined as an implementation of 
a partial differential equation to describe the random motion of particles in a 
fluid (Brown motion). The Fokker-Planck equation in stochastic dynamics 
describes the movement of the probabilistic density function (Romadani & 
Rosyid, 2022) and the shift in velocity space caused by the collision of the 
evolving particles (Palupi, 2010). 

To review the Brownian motion in the overdamped the Fokker-
Planck equation is used as follows! 

(1) 
 

Where U is a variable that represents the potential of the system, 𝜌 is avariable 

that describes the distribution of particles,  is a friction constant, 𝛽 is a 
thermodynamic constant that relates to temperature, whose magnitude is 

x is a variable that represents particle position/particle location, and t is time. 

 If we consider the distribution of particles at equilibrium or  

independent of time , as well as their initial potential or , with λλ 
as a control paramenter, then we get : 

         (2) 
and 
 
        (3) 
If the two terms in equation (3) are integrated , then we get the particle distribution 

  as follows,      
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(4) 

 

The velue of the constant C can be obtained by means of the following 
normalization! 

(5) 

 

By substituting the result of  equation (4) into equation (5), the value of 
constant C is obtained, namely: 

(6) 
 

 

Then, substituting the value of constant C above, then the distribution of particles 
in a state of equilibrium can be written as , 

(7) 
 

 

The particle distribution pattern ( ) for x ranging from x= -2 to x=2 

can be observed in the graph below! 

 

 

 

 

 

Figure 2. Particle distribution starting from x= -2 to x = 2, when and = 1 

Furthermore, if the system is disturbed with the control parameters  being 

considered as time-dependent control parameters ( ), then equation (7) can 
be written as: 

( 8) 
 

 

 

So   that equation (8) still fulfills the Fokker-Planck equation in equation 

(1), then the potential of the system is written as , so that: 

(9) 
 



Jurnal Pendidikan Fisika dan Keilmuan (JPFK)  

 

 

Methods to accelerate equilibrium in overdamped brownian motion 

217 

With  is the amount of additional potential that must be added to the system so 
that the distribution of particles to return to an equilibrium can be faster. This 
additional potential is the main problem that must be resolved in this study. 

By substituting  in equation (8) and U in equation (9) into the Fokker-
Planck equation in equation (1), the Fokker-Planck equation in equation (1) can 
be written as: 

(10) 
 

 

If on the left side derived with respect to t, then the chain 
derivative is obtained as follows: 

 

   (11) 

 

Solve equation (11) until the following results are obtained, 

 

   (12) 

Then, solve the equation on the right side of equation (10). Thus, the results 
are obtained, namely: 

(13) 
 

 

 

 

After that, substitute the results obtained in equation (12) and (13) into 
equation (10). So, we get: 

 

 
 
 

 

    (14) 

 
Then, solve the above equation. Thus, we get the equation : 
 

           (15) 
 
If the above equation is rewritten into twi equations, the we get : 



                 P-ISSN: 2442-8868   |   E-ISSN: 2442-904X 
 

 

Jurnal Pendidikan Fisika dan Keilmuan (JPFK), Vol. 8, No. 2, September 2022, 212-225. 

218 

           (16) 

and 

(17) 

Equation (17) can be rewritten into two equations, namely: 

(18) 

 

and 

(19) 
 

Both equations Each of the above will get a solution for an additional potential or 

equal to, 

(20) 
 

If we consider the initial potential to be  and consider 

the distribution of particles in an equilibrium or independent of 

time, 

, then the Fokker – Planck equation in equation (1) becomes: 

(21) 

 

and 

(22) 
 

 

After that, solve equation (22) to obtain the particle distribution equation 

, namely: 

  (23) 

To get the value of the constant C, it can be searched by normalization. In this 
case, normalization is only limited to positive U(x). So the system doesn't explode. 

Thus, the normalization limit starts from 0 to  as in equation (24) below: 

  (24) 

By plugging  in equation (23) into equation (24) and then completing the 
integral process, the constant C value is obtained by: 

(25) 
 

After that, substitute The value of C that has been obtained is converted to 
equation (23), so that the particle distribution equation can be written as: 

(26) 
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The particle distribution pattern ( ) can be observed in the graph   below! 

 

Figure 3. Particle distribution from x = 1 to 
x= 10, when = 1 

 

Furthermore, if the system is disturbed by changing the initial   

potential into a time-dependent potential, 𝑈0 = 𝑢(𝑥 −   𝜆(𝑡)), then the particle 

distribution in equation (26) can be written as: 

(27) 

In order in equation (27) still fulfills the Fokker-Planck equation in 

equation (1), then the system potential can be written as . With is an 
additional potential that is the main goal of this study. This additional potential is 
useful for accelerating Brownian motion to reach a state of equilibrium again. With 
this additional potential, the potential U can be written: 

  (28) 

Then, the value of U that has been added to the potential in equation (28) and the 

value   in equation (27) is substituted into the Fokker-Planck equation in 
equation (1). Thus, the following equation is obtained: 

(29) 
 

 

If the left-hand side is solved by decreasing with  respect to time, then 
the following chain derivative is obtained, 

            (30) 

Then, solve the chain derivative in equation (30), until the result is: 

       (31) 

After that, complete the derivative on the right hand side. So, we get the result : 
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1

𝛾
⌈

𝜕

𝜕𝑥
 
𝜕𝑢𝑥

𝜕𝑥
𝜌(𝑥, 𝜆(𝑡)) +

𝜕

𝜕𝑥

𝜕𝑢1

𝜕𝑥
𝜌(𝑥, 𝜆(𝑡)) +

1

𝛽

𝜕2𝜌(𝑥, 𝜆(𝑡))

𝜕𝑥2
⌉

=  
1

𝛾
⌈[

𝜕2𝑢𝑥

𝜕𝑥2
−  

𝜕𝑢𝑥

𝜕𝑥
  𝛽 ] 𝜌(𝑥, 𝜆(𝑡)) + [

𝜕2𝑢1

𝜕𝑥2
−  

𝜕𝑢1

𝜕𝑥
  𝛽 ] 𝜌(𝑥, 𝜆(𝑡)) +

1

𝛽
𝛽 2𝜌(𝑥, 𝜆(𝑡))⌉ 

          (32) 

Then, substituting equation (31) and equation (32) into equation (29), then we 
get the following equation, 

 

𝛽𝜌(𝑥, 𝜆(𝑡)) 𝜆̇  =
1

𝛾
⌈[

𝜕2𝑢𝑥

𝜕𝑥2
− 

𝜕𝑢𝑥

𝜕𝑥
  𝛽 ] 𝜌(𝑥, 𝜆(𝑡)) + [

𝜕2𝑢1

𝜕𝑥2
− 

𝜕𝑢1

𝜕𝑥
  𝛽 ] 𝜌(𝑥, 𝜆(𝑡)) +

1

𝛽
𝛽 2𝜌(𝑥, 𝜆(𝑡))⌉         (33) 

 

Solve the above equation until we get the following equation, 

          (34) 

Next,above equation can be rewritten into two equations, namely: 

         (35) 

and 

          (36) 

then, solve equation (36) until the following equation is obtained, 

          (37) 

We can rewrite the above equation into two equations, namely: 

          (38) 

And  

 

          (39) 

Since the main objective of this study is to find additional potential values or 

U1 , then simply solve equation (39), because equation (39) contains a 

variablle. Therefore, solve equation (39) until the following result is obtained: 

  (40) 
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Thus, to accelerate the system back to equilibrium, an additional potential which 

depends on the fluid friction constant ( ) and depends on time is required. 

 
CONCLUSION  

Research has been carried out using the Shortcuts to Adiabaticity (STA) 
method which is applied in conjunction with the Fokker-Planck equation 
onoverdampedwhich aims to obtain a method in the form of additional energy to 
accelerate the excessively damped Brownian motion to reach the equilibrium 
point. In this study, additional terms have been obtained from the excessively 
damped Brownian motion to accelerate the motion to reach the equilibrium point 
again. From the beginning it continued to move randomly without stopping and it 
took a long time to get back into balance. By adding additional energy in the form 
of this additional potential, it can accelerate Brownian motion towards equilibrium 
again in an adiabatic state without changing the properties and characteristics of 
the particle. Based on the ESE protocol the speed can be 100 times faster than 
before. From the results of this study obtained two results. First, if the initial 

potential of the system is , an additional potential is obtained  𝑈1 =
𝛾𝜆

4𝜆(𝑡)
𝑥2. 

secondly, if the initial potential of the system is u(x-λ(t)), we get an additional 

potential of  =  
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